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Geometric and Kinematic Aspects of Image-Based
Measurements of Deformable Bodies

Tianshu Liu∗

NASA Langley Research Center, Hampton, Virginia 23681-0001

From the viewpoint of an experimental fluid dynamicist, theoretical foundations of quantitative image-based
measurements for extracting geometric and kinematic properties of deformable bodies like fluids are discussed.
New results are obtained by using a combination of methods in perspective and differential geometry and con-
tinuum mechanics. Topics include perspective projection transformation, perspective developable conical surface
and its applications, perspective projection of motion field on surface, the correspondence problem, compos-
ite image space, perspective invariants, and motion equations of image intensity. The developed methods pro-
vide useful tools for experimentalists to determine morphology and motion field of deformable bodies from
images.

Nomenclature
A = matrix defined in Eq. (5) related

to the interior orientation parameters
B = binormal vector of a curve in the object space
c = principal distance
Di j = distance from a point Xi to the osculating

plane to a curve at the point X j

I = image intensity
L = radiance
M = [mi j ], rotational matrix
Mh = (M −MXc), extended rotational matrix (3 × 4)
m1, m2, m3 = row vectors in the rotational matrix M = [mi j ]
N = normal vector on a curve or a surface

in the object space
P = A−1M, matrix describing the relationship

between xh and X − Xc

P̄ = M−1 A, inverse matrix of P
Ph = A−1Mh , extended matrix of P (3 × 4)
P̄32 = matrix composed of the first two columns of P̄
T = tangential vector of a curve
U(X) = dX/dt , motion field in the object space
U12 = (U1, U2)

T , two-dimensional velocity vector
of U(X)

〈U12〉ψ = average two-dimensional velocity vector in terms
of the scalar density ψ

〈U12〉ρ = average two-dimensional velocity vector in terms
of the fluid density ρ

u = dx/dt , optical flow in the image plane
W1, W2 = vectors composed of m1, m2, m3

X = (X 1, X 2, X 3)T , object space coordinates
Xc = (X 1

c , X 2
c , X 3

c )
T , location of the perspective center

(optical center)
Xh = (X 1, X 2, X 3, 1)T , homogeneous object space

coordinates
X̄ = M(X − Xc), projection of X − Xc on m1, m2, m3

x = (x1, x2)T , image coordinates
xcom = (x1

(1), x2
(1), x1

(2))
T , composite image coordinates

xh = (x1, x2, 1)T , homogeneous image coordinates
xp = (x1

p, x2
p)

T , principal-point location
in the image plane
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κc, κC p = curvature of curve C or CP

κobj, κim = curvature of curve in the object space
and composite image space

λ = −c/m3 · (X − Xc), scaling factor
ρ = fluid density
τobj, τim = torsion of curve in the object space

and composite image space
ω, φ, κ = Euler orientation angles of camera

I. Introduction

IMAGE-BASED measurement techniques play an increasingly
important role in virtually all natural sciences and engineering

disciplines because they can provide tremendous information and
knowledge about observed objects in a global, noncontact way with
high temporal and spatial resolution. Specialists in photogrammetry,
computer vision, and other scientific disciplines have developed var-
ious methods that are best suitable to particular applications in their
fields. In particular, both photogrammetrists and computer-vision
scientists have studied image-based techniques to obtain geomet-
ric information. The approaches developed by photogrammetrists
are more mature and quantitative, which are recently extended to
nontopographic applications.1 By contrast, in order to deal with
more complicated vision problems related to artificial intelligence,
computer-vision scientists have adopted more versatile mathemati-
cal methods in perspective geometry, differential geometry, and im-
age algebra.2−5 However, the approaches used by computer-vision
scientists are of qualitative nature in many cases and generally less
accurate than those used in photogrammetry in metric measure-
ments. Because the objectives of various disciplines are different,
there is a lack of sufficient interaction among specialists in these
technical communities. Perhaps because of different notations, jar-
gons, and methodologies in these communities, it is difficult to tran-
scend the different technical domains and see a unified scope of
various image techniques. On the other hand, most of experimental
fluid dynamicists are not aware of various image-based techniques
developed in photogrammetry and computer vision, which can be
useful for measurements of motion fields and physical quantities
of fluid flows. Unlike photogrammetrists and computer-vision sci-
entists who mainly study rigid bodies, experimental fluid dynam-
icists have to deal with complex morphology and motion field of
deformable bodies like fluids. Therefore, it is highly desirable to in-
tegrate various techniques into a unified theoretical framework for
experimental fluid dynamicists.

This paper discusses the geometric and kinematic aspects of quan-
titative image-based measurements of morphology and motion field
of deformable bodies. Emphasis is placed on the general princi-
ples and methodologies rather than detailed solution techniques and
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Fig. 1 Imaging geometry and coordinate systems.

algorithms. First, we provide a unified treatment of the perspec-
tive projection transformation from the three-dimensional object
space (three-dimensional physical space) to the two-dimensional
image and illustrate geometric connection between different for-
mulations of the perspective projection transformation. Next, we
discuss some fundamental problems for recovering geometry and
motion of deformable bodies. They are projective developable con-
ical surface and its applications, reconstruction of motion field of
space curve and motion field constrained on surface, the correspon-
dence problem, composite image space, and projective invariants.
These problems are related to a number of techniques in experimen-
tal fluid mechanics, including particle-tracking velocimetry, stereo-
scopic particle-image velocimetry, laser-tagging fluorescence tech-
nique, and other flow-visualization techniques. Motion equations
of the image intensity are derived for typical transport processes
of passive scalar and density-varying flows. These equations can be
used to reconstruct the motion fields of fluid flows from fluorescence
images, transmittance images, schlieren images, and shadowgraph
images of moving patterns.

II. Perspective Projection Transformation
There is a perspective projection transformation between the

three-dimensional object space coordinates X = (X 1, X 2, X 3)T

and the corresponding two-dimensional image coordinates
x = (x1, x2)T (Refs. 1 and 6–8). Figure 1 illustrates the camera imag-
ing process. The image and object space coordinates are related by
the following collinearity condition:




x1 − x1
p + δx1

x2 − x2
p + δx2

−c


 = λ M




X 1 − X 1
c

X 2 − X 2
c

X 3 − X 3
c


 (1)

where Xc = (X 1
c , X 2

c , X 3
c )

T is the perspective center or optical center
and the shifts δx1 and δx2 represent the lens distortion. The elements
of the rotation matrix M = [mi j ](i, j = 1, 2, 3) are functions of the
Euler orientation angles (ω, φ, κ):

m11 = cos φ cos κ, m12 = sin ω sin φ cos κ + cos ω sin κ

m13 = − cos ω sin φ cos κ + sin ω sin κ, m21 = − cos φ sin κ

m22 = − sin ω sin φ sin κ + cos ω cos κ

m23 = cos ω sin φ sin κ + sin ω cos κ, m31 = sin φ

m32 = − sin ω cos φ, m33 = cos ω cos φ (2)

Loosely speaking, the orientation angles (ω, φ, κ) are the pitch, yaw,
and roll angles of the camera in the established coordinate system
in the object space. The rotational matrix M is an orthogonal matrix
having the property of M−1 = MT .

Algebraic manipulation of Eq. (1) yields the well-known
collinearity equations relating the object space point to the cor-
responding image point:

x1 − x1
p + δx1 = −c

m1 · (X − Xc)

m3 · (X − Xc)
= −c

X̄ 1

X̄ 3

x2 − x2
p + δx2 = −c

m2 · (X − Xc)

m3 · (X − Xc)
= −c

X̄ 2

X̄ 3
(3)

The vectors m1 = (m11, m12, m13)
T and m2 = (m21, m22, m23)

T are
the directional cosine vectors parallel to the x1 axis and x2 axis
in the image plane, respectively. The vector m3 = (m31, m32, m33)

T

is normal to the image plane, directing from the principal point
to the optical center along the optical axis. As shown in Fig. 1,
the unit orthogonal vectors m1, m2, and m3 (mi · m j = δi j ) con-
stitute a local object space coordinate frame at the optical center
Xc. The coordinates X̄ = (X̄ 1, X̄ 2, X̄ 3)T are the projections of the
object space position vector X − Xc in this frame. The scaling fac-
tor λ = −c/m3 · (X − Xc) is a ratio between the principal distance
and the projected component of the object space position vector
X − Xc on the optical axis along −m3 direction. When a point X
is on the focal plane m3 · (X − Xc) = 0, the scaling factor becomes
infinite (λ = ∞), which corresponds to the points at infinity on the
image plane. The terms δx1 and δx2 in Eq. (3) are the image co-
ordinate shifts produced by lens distortion, which are modeled by
a sum of the radial and decentering distortion terms.6,9 They are
characterized by the radial distortion parameters K1 and K2 and the
decentering distortion parameters P1 and P2 in a polynomial model
of lens distortion.6,9

Equation (3) can be rewritten in the homogeneous image coordi-
nates xh = (x1, x2, 1)T

xh = λP(X − Xc) (4)

where the matrix P = [pi j ] = A−1M describes the relationship be-
tween xh and X − Xc and A = [ai j ], defined as

A =




1 0 −x1
p + δx1

0 1 −x2
p + δx2

0 0 −c


 (5)

is related to the interior orientation parameters. A tensor form of
Eq. (4) is ai j x

j
k = λmi j (X j − X j

c ). Here, the Einstein convention for
summation is used throughout the paper. The tensor form of the
collinearity equations is convenient for mathematical manipulation.
Another alternative form of the collinearity equations in the homo-
geneous coordinates is

xh = λPhXh (6)

Although Eqs. (4) and (6) are formally written as a linear relation
between xh and X or Xh , they are essentially nonlinear because not
only are the lens distortion terms a nonlinear function of x but also
the scaling factor λ = −c/m3 · (X − Xc) is not a constant in general.

Furthermore, Eq. (3) can be rewritten as a form suitable to least-
squares estimation for the object space coordinates X:

W1 · (X − Xc) = 0, W2 · (X − Xc) = 0 (7)

where W1 and W2 are defined as W1 = (x1 − x1
p + δx1)m3 + cm1

and W2 = (x2 − x2
p + δx2)m3 + cm2. As shown in Fig. 2, the vector

W1 is on the plane spanned by the orthogonal unit vectors m1 and
m3, while W2 is on a plane spanned by m2 and m3. Geometrically,
Eq. (7) describes two planes normal to W1 and W2, defining an in-
tersection line of the two planes through the optical center Xc. For
a given image point x = (x1, x2)T , Eq. (7) is not sufficient to de-
termine the object space point with the three unknown coordinates
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Fig. 2 Relation between the vectors mi
and Wi (i = 1, 2, 3).

Fig. 3 Perspective developable conical surface containing a three-
dimensional space curve.

X = (X 1, X 2, X 3)T . Hence, extra equations associated with addi-
tional cameras and other geometrical constraints should be added to
find a unique least-squares solution of X. The collinearity equations
contain the exterior orientation parameters (ω, φ, κ, X 1

c , X 2
c , X 3

c ),
interior orientation parameters (c, x1

p, x2
p), and lens distortion pa-

rameters (K1, K2, P1, P2). Geometric calibration of camera for de-
termining these parameters is an important and active topic in quan-
titative image-based measurements.10−14 Throughout this paper, we
generally assume that cameras are calibrated such that these param-
eters are known.

III. Projective Developable Conical Surface
and Its Applications

A. Generating Projective Developable Conical Surface
The concept of the projective developable conical surface is in-

troduced. In principle, a three-dimensional curve in the object space
cannot be completely recovered from a single image because infor-
mation in one dimension is lost in projection. Nevertheless, using
a calibrated camera, the projective conical developable surface on
which a three-dimensional curve lies can be reconstructed. Further,
when two calibrated cameras are used, a three-dimensional curve
can be uniquely determined as an intersection of two projective
conical developable surfaces.

Consider a curve C in the object space. As shown Fig. 3, it is
projected onto the image plane and a plane P normal to the optical
axis (parallel to the image plane). Equation (4) is written as

X − Xc = λ−1P̄xh (8)

where P̄ = P−1 = [ p̄i j ] = M−1A = MT A is the inverse matrix of P.
For the given camera orientation parameters, assuming that the lens
distortion parameters are fixed and the scaling factor λ is constant,
we have a differential relation

dX = λ−1P̄32 dx (9)

where dX = (dX 1, dX 2, dX 3)T , dx = (dx1, dx2)T , and P̄32 = [ p̄i j ]
is a 3 × 2 matrix (i = 1, 2, 3; i = 1, 2) composed of the first two
columns of P̄. A constraint imposed on Eq. (9) is dλ = 0 or
m3 · dX = 0, indicating that Eq. (9) actually describes the projection

CP of the curve C on the plane P orthogonal to the optical axis direc-
tion or m3. In fact, as shown in Fig. 3, λ = −c/m3 · (X − Xc) = const
defines the plane P . For λ < 0, the plane P is in the half-space that
the vector m3 points to from the optical center, while for λ > 0 the
plane P is in another half of space along with the image plane. As
|λ| → ∞, the plane P approaches to the optical center, and the plane
goes to infinity as |λ| → 0. As shown in Fig. 3, the projected curve CP

on the plane P can be reconstructed from image measurement, and
the developable conical surface D containing the three-dimensional
curve C can be generated consequently.

The arc length element of the projected curve CP on the plane P
is dSCP = |dX| = λ−1|P̄32t|ds, where t = dx/ds and ds = |dx| are the
unit tangent vector and arc length element of the projected curve on
the image plane, respectively. Clearly, when the plane P moves to
infinity as |λ| → 0, the arc length of the curve CP becomes infinitely
large. Furthermore, the curvature κCP of CP and the corresponding
curvature κc in the image plane can be calculated. The ratio κCP /κc

is proportional to the scaling factor λ. When the plane P moves to
infinity as |λ| → 0, the curvature of the curve CP becomes smaller
and smaller because the curve is spreading.

The unit tangent vector of the projected curve CP on the plane P
is related to the image coordinates by TCP = dX/dSCP = P̄32t/|P̄32t|.
The projected curve CP on the plane P is given by

XCP = XCP 0 +
∫ SCP

0

TCP

(
SCP

)
dSCP (10)

The initial position XCP 0 = Xc + λ−1P̄xh0 on the projected curve
CP in the object space is conveniently chosen at the endpoint of the
curve, where xh0 = (x1

0 , x2
0 , 1)T is the homogeneous coordinates of

the corresponding image point to XCP0 . Substitution of the expres-
sions for dSCP , XCP0 , and TCP into Eq. (10) leads to a projective
ray vector directing from the optical center Xc to a point XCP on the
projected curve CP :

XCP − Xc = λ−1

(
P̄xh0 +

∫ s

0

P̄32t ds

)
(11)

A family of the projective rays through the optical center Xc given
by Eq. (11) generates a projective developable conical surface D
that contains the three-dimensional curve C . A single-parameter
family of the tangent planes on the developable conical surface
D is given by (X − Xc) · ND(s) = 0, where the arc length s of the
projected curve in the image plane is an adjustable parameter and
ND(s) = TCP × (XCP − Xc)/|TCP × (XCP − Xc)| is the unit normal
vector to the tangent plane on the developable surface. The projec-
tive conical developable surface is an envelope generated by a fam-
ily of the tangent planes, which is given by (X − Xc) · ND(s) = 0
and (X − Xc) · dND(s)/ds = 0 (Ref. 15). Thus, the projective de-
velopable conical surface is reconstructed from measured image
quantities.

B. Reconstructing Three-Dimensional Curve and Its Motion
From a single image, we reconstruct the projective conical de-

velopable surface containing a three-dimensional curve C rather
than the curve itself. Nevertheless, when two calibrated cameras are
used, as shown in Fig. 4, the curve C can be uniquely determined
by intersecting the two projective developable conical surfaces as-
sociated with the different cameras. Use of more cameras could
increase the redundancy of calculation and improve the accuracy.
In experimental fluid mechanics, marked tracer lines such as hy-
drogen bubble lines and laser-tagging fluorescence lines are used
for flow visualization. The projective developable conical surfaces
allow quantitative recovery of geometry and motion of these tracer
lines evolved in complex flows. Note that a three-dimensional solid
surface in the object space can be reconstructed from a family of the
developable conical surfaces containing the contours of the surface.

After a moving three-dimensional curve in the object space is
reconstructed from images at successive instants, we can determine
the motion field U(X) = dX/dt of the curve. The curve is given by
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Fig. 4 Intersection between two developable conical surfaces.

X = X[S(t), t], where t is time and S(t) is the arc length of the curve
in the object space. In general, the temporal and spatial difference
	St X = X[S(t2), t2] − X[S(t1), t1] at two successive instants t1 and
t2 (the time interval 	t = t2 − t1 is small) is obtained from measure-
ments. Reconstruction of the motion field of the curve from 	St X is
nontrivial because the point correspondence between two sequential
images is not known without using distinct targets (marks) on a de-
forming curve. To increase the determinability of the problem, the
motion field of the curve should be constrained by underlying phys-
ical mechanisms behind the motion and deformation of the curve. In
general, reconstruction of the motion field is formulated as an op-
timization problem ‖	St X − U(X)	t‖ → min subject to relevant
physical and geometric constraints.

In the simplest case in which the curve is rigid, the rigid-body mo-
tion of the curve is described by U(X) = U0 + 
0 × (X − X0), where
U0 and 
0 are the constant translation velocity and angular velocity,
respectively, and X0 is the rotational center of the curve. There are
six unknowns in U0 and 
0 for optimization. A slightly more com-
plicated case is that the curve is stretched in three fixed directions
in addition to the rigid-body motion. Thus, addition of the three
stretching constants leads to nine unknowns for optimization. Fur-
thermore, for a highly deforming material line in the incompressible
and irrotational flow, the physical constraints are the solenoidal and
irrotational conditions ∇ · U(X) = 0 and ∇ × U(X) = 0 (Ref. 16).
A vortex filament in the incompressible and irrotational flow is an
interesting case where the filament is no longer passive and the self-
induced motion field is directly proportional to the curvature of the
filament along the binormal direction vector.17

C. Determining Three-Dimensional Displacement Vector
Using the perspective developable conical surfaces, we can de-

termine the displacement vector in the object space from the corre-
sponding projected displacement vectors on the image planes. This
problem is related to stereoscopic particle image velocimetry.18,19 In
stereoscopic particle image velocimetry, the displacement vectors of
a moving particle group in the image plane between two successive
instants are first obtained using the pattern correlation techniques.
Then the displacement vector averaged over the particle group in the
object space is recovered using stereoscopy because the point cor-
respondence between the two images on a constrained surface (e.g.,
a thin laser sheet) is one to one (see Sec. IV). Previous stereoscopic
analysis given by Arroyo and Greated18 and Prasad and Adrian19 was
two dimensional under particular geometric conditions in which the
image planes are in parallel to the illuminating laser sheet. Here, a
general analysis is provided for recovering the displacement vector
by utilizing the perspective developable conical surfaces.

Figure 5 shows the displacement vector X1 − X0 in the ob-
ject space and the corresponding projected displacement vectors
x1(1) − x0(1) on image 1 and x1(2) − x0(2) on image 2. Images 1 and 2
are taken by two cameras whose the perspective centers are located at

Fig. 5 Displacement vector in the object space and its projected vectors
in images 1 and 2.

Xc(1) and Xc(2), respectively. The subscript (i) = 1, 2 denotes cam-
eras 1 and 2. Because the projected displacement vectors on the
images are the straight lines with the constant tangential vectors,
Eq. (11) can be simplified for the projective rays from the endpoints
of the displacement vectors in the image plane to the corresponding
endpoints of the displacement vector in the object space. The ray
vectors from the image points x1(1), x0(1), x1(2), and x0(2) to the object
space points X1 and X0 are described by

X0 − Xc(1) = λ−1
0(1) P̄(1) xh0(1)

X1 − Xc(1) = λ−1
1(1)

(
P̄(1) xh0(1) + P̄32(1) t(1) s(1)

)

X0 − Xc(2) = λ−1
0(2) P̄(2) xh0(2)

X1 − Xc(2) = λ−1
1(2)

(
P̄(2) xh0(2) + P̄32(2) t(2) s(2)

)
(12)

The projected displacement vectors on images 1 and 2 are
x1(i) − x0(i) = t(i)s(i)(i = 1, 2), where the unit tangential vectors t(i)
and the lengths s(i) of the projected displacement vectors are mea-
sured in the image plane. For calibrated cameras, the matrices P̄(i)

and P̄32(i) in Eq. (12) are known. In general, the scaling factors λ0(i)

and λ1(i) are not constants except in a special case where a parti-
cle moves on the plane (e.g., the laser sheet) parallel to the image
planes. Nevertheless, the unit ray vectors are not dependent of the
scaling factors, which are given by

r0(1) = (
X0 − Xc(1)

)/∣∣X0 − Xc(1)

∣∣
r1(1) = (

X1 − Xc(1)

)/∣∣X1 − Xc(1)

∣∣
r0(2) = (

X0 − Xc(2)

)/∣∣X0 − Xc(2)

∣∣
r1(2) = (

X1 − Xc(2)

)/∣∣X1 − Xc(2)

∣∣ (13)

The unit ray vectors can be determined using the image coor-
dinates through Eq. (12). As shown in Fig. 6, the unit ray vectors
r0(1) and r1(1) give a projective developable conical plane D(1), i.e.,
(X − Xc(1)) · (r1(1) × r0(1)) = 0. In the same way, the unit ray vec-
tors r0(2) and r1(2) constitute another projective developable coni-
cal plane D(2), i.e., (X − Xc(2)) · (r1(2) × r0(2)) = 0. Clearly, the dis-
placement vector X1 − X0 in the object space is on the intersection
line between the projective developable conical planes D(1) and
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Fig. 6 Composite image space and object space.

D(2). The angle between the two planes D(1) and D(2) is given
by cos α = (r1(1) × r0(1)) · (r1(2) × r0(2))/|r1(1) × r0(1)||r1(2) × r0(2)|.
When the absolute value of the angle |α|(≤ π/2) is large, the deter-
mination of the displacement vector X1 − X0 in the object space is
less sensitive to errors in image measurements. For a singular case
where |α| = 0, the displacement vector X1 − X0 cannot be recovered.

Ideally, the endpoint X0 of the displacement vector is a point of
intersection between the ray lines X − Xc(1) = r0(1)ξ and X − Xc(2) =
r0(2)ξ , where ξ is a parameter. To determine the point X0, we min-
imize the distance d0(1 − 2) of a point on the line X − Xc(1) = r0(1)ξ
to the line X − Xc(2) = r0(2)ξ , that is, d0(1 − 2)(ξ) = |(Xc(1) + r0(1)ξ −
Xc(2)) × r0(2)| → min. When the minimal point ξ0 min is found, the
endpoint X0 of the displacement vector is given by X0 = Xc(1) +
r0(1)ξ0 min. Similarly, by minimizing the distance d1(1 − 2) of a point
on the line X − Xc(1) = r1(1)ξ to the line X − Xc(2) = r1(2)ξ , that is,
d1(1 − 2)(ξ) = |(Xc(1) + r1(1)ξ − Xc(2)) × r1(2)| → min, we can deter-
mine the other endpoint X1 = Xc(1) + r1(1)ξ1 min of the displacement
vector, where ξ1 min is the minimal point. Finally, the displacement
vector X1 − X0 in the object space is recovered. The analysis for
determining the displacement vector based on the perspective de-
velopable conical planes is intuitively simple. It will be pointed out
in Sec. VI that the displacement vector can be directly determined
using the composite image coordinates.

IV. Perspective Projection Under Surface Constraint
A. Correspondence Between Surface and Image Plane

Surface in the object space has the one-to-one correspondence to
the image plane. The geometric relationship between the surface and
the image plane is closely related to some applications in experimen-
tal aerodynamics, such as reconstruction of complex flow topology
on surface from images of oil visualization and laser-sheet-induced
fluorescence visualization. The surface could be a solid surface or
a virtual surface like laser sheet. Consider a surface in the object
space

X 3 = F(X 1, X 2) (14)

When Eq. (14) is imposed as a surface constraint, the perspective
projection transformation Eq. (7) becomes

w11 X 1 + w12 X 2 + w13 F(X 1, X 2) = W1 · Xc

w21 X 1 + w22 X 2 + w23 F(X 1, X 2) = W2 · Xc (15)

where wi j (i = 1, 2 and j = 1, 2, 3) are the elements of the vectors
W1 = (w11, w12, w13)

T and W2 = (w21, w22, w23)
T . For the given

surface X 3 = F(X 1, X 2), the coordinates (X 1, X 2)T can be ob-
tained from the image coordinates x = (x1, x2)T by solving Eq. (15).
Thus, the coordinates X = (X 1, X 2, X 3)T in the object space can
be symbolically expressed as a function of the image coordinates
x = (x1, x2)T by

X = fs(x) (16)

In fact, Eq. (16) is a parametric representation of the surface using
the image coordinates x = (x1, x2)T as the parameters. Generally,
the function fs(x) cannot be written as a closed-form solution except
for simple surfaces such as plane and cylindrical surface.

Differentiating Eq. (7), we have dW1 · X + W1 · dX = dW1 · Xc

and dW2 · X + W2 · dX = dW2 · Xc. For the fixed lens distortion

terms, dW1 = dx1m3, and dW2 = dx2m3. Then, using dX 3 = (∂ F/
∂ Xβ)dXβ(β = 1, 2), we have

(
dX 1

dX 2

)
= m3 · (Xc − fs)G−1

(
dx1

dx2

)
(17)

where

G =
(

w11 + w13∂ F/∂ X 1 W12 + w13∂ F/∂ X 2

w21 + w23∂ F/∂ X 1 w22 + w23∂ F/∂ X 2

)
(18)

Furthermore, the differential dX 3 = (∂ F/∂ Xβ)(∂ Xβ/∂xα) dxα(α =
1, 2; β = 1, 2) can be expressed as a function of the image coordi-
nates dx = (dx1, dx2)T . The fundamental relation between the dif-
ferential dX on the surface in the three-dimensional object space
and dx in the image plane is dX = Ḡ dx, where the 3 × 2 matrix
Ḡ is a function of the image coordinates, the camera parameters,
and the geometric properties of the given surface. We know the first
fundamental form of the surface dS2 = |dX| = gαβ dxα dxβ , where
the metric tensor is gαβ = (∂X/∂xβ) · (∂X/∂xβ)(α, β = 1, 2) and the
image coordinates serve as the parametric variables. The first fun-
damental form allows us to measure the basic geometric quantities
(arc length, area, and angle) on the surface.20

B. Motion Field Constrained on Surface
Following the discussion of the geometric relationship between a

surface and the image plane, we consider the perspective projection
of the motion field constrained on the surface. Consider a dynamical
system

dX
dt

= U(X) (19)

where U(X) = (U1, U2, U3)
T is the motion field in the three-

dimensional object space and t is time. When the motion field is
constrained on the nonpenetrating surface X 3 = F(X 1, X 2), U(X)
should be parallel to the surface, obeying N · U(X) = 0, where
N = (−∂ F/∂ X 1, − ∂ F/∂ X 2, 1)T is the normal vector of the sur-
face. Under the surface constraint, Eq. (19) is reduced to a two-
dimensional system

d

dt

(
X 1

X 2

)
=

(
U1[X 1, X 2, F(X 1, X 2)]

U2[X 1, X 2, F(X 1, X 2)]

)
(20)

Actually, Eq. (20) describes an orthographic projection of the motion
field Eq. (19) onto the plane (X 1, X 2). According to Eqs. (16) and
(17), the corresponding dynamical system in the image plane is

u = d

dt

(
x1

x2

)
= G

m3 · (Xc − fs)

(
U1[ fs(x)]

U2[ fs(x)]

)
(21)

Here, we call u = dx/dt = d/dt (x1, x2)T the optical flow in the im-
age plane. The optical flow, a term used in computer vision, is defined
as the velocity field in the image plane that transforms one image
into the next image in a time sequence. If Eq. (16) gives a one-to-one
topological mapping (homeomorphism): (x1, x2) 	→ (X 1, X 2), the
topological structure of the dynamical system Eq. (21) in the image
plane is equivalent to that of Eq. (20) on the constrained surface
when G has the full rank of two and m3 · (Xc − fs) does not van-
ish. Once the optical flow u = dx/dt is known, two components of
the motion field (U1, U2)

T can be determined from Eq. (21), and
the third component U3 is readily known from N · U(X) = 0 for a
nonpenetrating surface.

The motion field U(X) is not specified so far, which could
be a limiting viscous flowfield or an oil-film motion field driven
by skin friction on surface. The physical constraints on for
a specified U(X) can be used to reduce the number of un-
knowns. For instance, the incompressible flow obeys the conti-
nuity equation ∇ · U(X) = 0, where ∇ = (∂/∂ X 1, ∂/∂ X 2, ∂/∂ X 3)T

is the Laplace operator. Differentiating N · U(X) = 0 with respect



LIU 1915

to X 3, we have ∂U3/∂ X 3 = ∂Uα/∂ X 3∂ F/∂ Xα (α = 1, 2). Sub-
stitution of this relation into ∇ · U(X) = 0 yields a constraint on
(U1, U2)

T for the incompressible flow on a nonpenetrating sur-
face, that is, ∂Uα/∂ Xα + ∂Uα/∂ X 3∂ F/∂ Xα = 0(α = 1, 2). In gen-
eral, we seek a localized solution of Eq. (21) for (U1, U2)

T

in a sufficiently small domain rather than a global solution. In
a neighborhood of a point X0, the motion field (U1, U2)

T can
be expanded as Ui (X) = ei0 + eiα(Xα − Xα

0 )(i = 1, 2; α = 1, 2, 3),
where ei0 = Ui (X0) are the local velocity components and
eiα = ∂Ui (X0)/∂ Xα are the local deformation components that de-
termine the local topological structures of the motion field near
the critical points.21 There are eight unknowns ei0 and ei j . If
flow is incompressible and irrotational where ∇ · U(X) = 0 and
∇ × U(X) = 0, eight unknowns are reduced to four unknowns after
these constraints are imposed.

The preceding method for recovering the local motion field is, in
principle, applicable to both discrete random particle patterns (e.g.,
particle-image-velocimetry patterns) and continuous passive scalar
patterns (e.g., laser-sheet-induced fluorescence patterns). When dis-
crete particle patterns are so coarse that an individual particle can be
tracked, the local optical flow u = dx/dt is the velocity of the particle
in the image plane.22,23 For dense discrete particle patterns, the lo-
cal optical flow u = dx/dt can be obtained using pattern correlation
technique to seek the maximum correlation between two particle
groups at two consecutive instants in the image plane. To recover
the local optical flow u = dx/dt for continuous passive scalar pat-
terns, we need to consider the perspective projection of the transport
equations of passive scalar through a specific imaging process. Gen-
erally, the perspective projection of transport process leads to the
motion equations of the image intensity. The optical flow u = dx/dt
can be determined by solving the motion equation of the image in-
tensity given the suitable boundary conditions and other constraints.
Detailed discussion on the motion equations of the image intensity
will be given in Sec. VII.

V. Correspondence Problem
In Sec. IV, after the surface constraint is imposed, three unknown

coordinates in the object space are reduced to two, and the corre-
spondence between the surface and the image plane is one to one.
However, to determine three unknown coordinates from multiple
views without any a priori constraint, the correspondence between
two or more images is required for the same physical point in the
object space. This is the point correspondence problem in three-
dimensional vision. Experimental fluid dynamicists encounter this
problem in particle-tracking velocimetry.

Longuet-Higgins24 gave a relation between the corresponding
points in two images. Consider two cameras in which the unit
vectors (m1(n), m2(n), m3(n)) constitute a local right-hand coordi-
nate system whose origin is located at the perspective center
Xc(n), where the index n = 1, 2 denotes the cameras 1 and 2.
The coordinates X̄(n) = (X̄ 1

(n), X̄ 2
(n), X̄ 3

(n))
T in the coordinate frames

(m1(n), m2(n), m3(n)) are related by the translation and rotation trans-
formation X̄ a

(2) = Rαβ(X̄β

(1) − T β
r ), where R = [Rαβ ] and Tr = [T β

r ]
are the rotation matrix and translation vector, respectively. A new
matrix Q is given by Q = RS or Sαβ = RαµSµβ , where S is the
skew-symmetric matrix Sµβ = εµβσ T σ

r and the permutation index
εµβσ = 1, or −1, or 0 if (µ, β, σ ) is an even, or odd permutation of
(1, 2, 3), or otherwise. Thus, we know

X̄α
(2) Qαβ X̄β

(1) = Rακ

(
X̄ κ

(1) − T κ
r

)
Rαµεµβσ T σ

r X̄β

(1)

= (
Xµ

(1) − T µ
r

)
εµβσ T σ

r X̄β

(1) = 0 (22)

because the rotational matrix R is orthogonal (Rαµ Rµβ = δαβ) and
εµβσ is antisymmetric in every pair of its subscripts. When the image
coordinates a xα

(n) are relative to the principal point, the collinear-
ity equations without lens distortion can be written as a simpler
form xa

(n) = −cX̄α
(n)/X̄ 3

(n), (n = 1, 2; α = 1, 2, 3). Dividing Eq. (22)
by X̄ 3

(1) X̄ 3
(2)/c2 yields the Longuet–Higgins equation for the point

correspondence

xα
(2) Qαβ xβ

(1) = 0 (23)

where Q is the fundamental matrix related to the camera exterior
orientation parameters. Given a sufficient number of point corre-
spondences between two images, the elements Qαβ can be deter-
mined by solving the algebraic equations (xα

(2)x
β

(1))i Qαβ = 0(i ≥ 8)
using least-squares method.

The geometrical meaning of Eq. (23) is related to the epipolar
lines in the image plane.2,3 For a given point (x1

(1), x2
(1)) in the image

1, its epipolar line in the image 2 is projection of a line connect-
ing the object space point and the image point through the optical
center of the camera 1 onto the image 2. This epipolar line in the
image 2 is given by xα

(2) pα(1) = 0, where pα(1) = Qαβ xβ

(1) are the
coefficients of the epipolar line. Thus, the fundamental matrix Q
maps a point in image 1 to its epipolar line in image 2 and vice
versa. Hence, Eq. (23) serves as the epipolar constraint to reduce
the number of unknowns for establishing the point correspondence
between images. When lens distortion exists, the epipolar constraint
is (xα

(2) + δxα
(2))Qαβ(xβ

(1) + δxβ

(1)) = 0, where the lens distortion terms
are [δxα

(n)] = (δx1
(n), δx2

(n), 0)T . Because the lens distortion terms are
nonlinear, an epipolar line is a curve rather than a straight line.

For two calibrated cameras, the correspondence between two im-
ages can be directly established from the collinearity equations. The
collinearity equations (7) for cameras 1 and 2 are written as

W1(n) ·
(
X −Xc(n)

) = 0, W2(n) ·
(
X −Xc(n)

) = 0 (n = 1, 2)

(24)

Recombination of Eq. (24) yields two systems of linear equations
for X:

W1comX = B1com, W2comX = B2com (25)

where the composite matrices and vectors are

W1com =




W1(1)
T

W2(1)
T

W1(2)
T


 , W2com =




W1(1)
T

W2(1)
T

W2(2)
T




B1com =




W1(1)
T Xc(1)

W2(1)
T Xc(1)

W1(2)
T Xc(2)


 , B2com =




W1(1)
T Xc(1)

W2(1)
T Xc(1)

W2(2)
T Xc(2)


 (26)

Eliminating X from Eq. (25), we obtain a relation between the im-
age coordinates (x1

(1), x2
(1)) and (x1

(2), x2
(2)), G(x1

(1), x2
(1); x1

(2), x2
(2)) =

W1comW−1
2comB2com − B1com = 0. For a point (x1

(1), x2
(1)) in image 1,

its epipolar line in image 2 is given by minimizing the norm
‖G(x1

(1), x2
(1); x1

(2), x2
(2))‖.

The Longuet–Higgins equation indicates that a point in im-
age 1 corresponds to its epipolar line on image 2 and vice
versa. Therefore, the point correspondence is not uniquely estab-
lished between a pair of images because for a given image point
(x1

(1), x2
(1)) there is only one equation for two unknowns (x1

(2), x2
(2)).

To establish the point correspondence between images, at least
four cameras (or four images) are needed. For four cameras or
images, the Longuet–Higgins equations are xα

h(i) Qαβ(i, j)x
β

h( j) = 0
(i = 1, 2, 3, 4; j = 1, 2, 3, 4) where the subscript (i, j) denotes a
pair of images. There are six pairs of images (i, j) = (1, 2), (1,3),
(1,4), (2,3), (2,4), and (3,4). Hence, for given Qαβ(i, j) and (x1

(1), x2
(1)),

we have a system of six quadratic equations for six unknowns
(x1

(2), x2
(2), x1

(3), x2
(3), x1

(4), x2
(4)). The solution can be found using an

iterative method.

VI. Composite Image Space and Perspective Invariants
A. Composite Image Space

Once the point correspondence between two images is uniquely
established, W1comX = B1com gives a relation between the ob-
ject space coordinates X and the composite image coordinates
xcom = (x1

(1), x2
(1), x1

(2))
T . As shown in Fig. 6, the local coordi-

nate frame (m1(1), m2(1), m3(1)) at the perspective center Xc(1)

can serve as a frame for the composite image space in which
xcom = (x1

(1), x2
(1), x1

(2))
T are the composite image coordinates along
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the unit vectors (m1(1), m2(1), m3(1)). The coordinate x1
(2) of the cor-

responding point in image 2 is artificially assigned to the coordinate
value in the axis m3(1) in the composite image space. Thus, the lost
dimension along the axis m3(1) through projection in image 1 is re-
covered by using one coordinate value in image 2. Mapping between
the composite image space and the object space is one to one. Differ-
entiating W1comX = B1com, we have W1comdX + dW1comX = dB1com.
Thus, a basic differential relation between the composite image
space and object space is

dX = H(xcom) dxcom or dxα = Hαβ(xcom) dxβ
com (27)

where the matrix H(xcom) is

H(xcom) = W−1
1com




mT
(3)1

(
W−1

1comB1com − Xc(1)

)
0 0

0 mT
3(1)

(
W−1

1comB1com − Xc(1)

)
0

0 0 mT
3(2)

(
W−1

1comB1com − Xc(2)

)




(28)

Equation (27) can be used in stereoscopic particle image velocimetry
to recover the displacement vector dX from the displacement vector
dxcom in the composite image space. The geometric interpretation on
stereoscopy of the displacement vector is given in Sec. III.C. The
arc length dS of a three-dimensional curve in the object space is
given by dS2 = dXαdXα = Hµα Hµβdxα

comdxβ
com. Similarly, the tan-

gent, curvature, and torsion of the curve can be also expressed as a
function of the composite image space coordinates.

The motion field Uα(X) = dXα/dt in the object space is re-
lated to the motion field uα(xcom) = dxα

com/dt in the compos-
ite image space by Uα(X) = Hαβ(xcom)uα . The motion field
Uα(X) of a curve can be decomposed into two components, that
is, Uα(X) = dXα[S(t), t]/dt = ∂ Xα/∂t + T αdS/dt . The first term
∂ Xα/∂t is the apparent velocity of the curve, and the second is the
deformation velocity along the curve. Similarly, the decomposition
for uα(xcom) is uα(xcom) = dxα

com[s(t), t]/dt = ∂xα
com/∂t +tα

comds/dt .
Additional physical constraints are required to determine the local
deformation rate ds/dt of the curve in the composite image space.

B. Perspective Invariants
The perspective invariants of a three-dimensional curve can be

used to directly extract certain geometric features of the curve from
images. Construction of algebraic and differential invariants of the
curve is difficult because the perspective projection transformation
is nonlinear. However, it is possible to construct semidifferential
invariants in a special case of stereo image pair.25 The perspective
projection transformation for a pair of images is

xh(i) = λ(i)Ph(i)Xh (i = 1, 2) (29)

where xh(i) = (x1
(i), x2

(i), 1)T is the homogeneous image coordinates
in a pair of images (i = 1, 2) and Ph(i) is a 3 × 4 matrix that depends
only on the camera orientation parameters (see Sec. II). In general,
because the scaling factors λ(i) = −c(i)/m3(i) · (X − Xc(i)) for the two
images are not the same, we cannot combine equations in Eq. (29)
like a linear system of equations. Nevertheless, such combination
is allowed under a special condition of λ(1) = λ(2) = λ that implies
c(1) = c2, m3(1) = m3(2), and m3(1) · (Xc(2) − Xc(1)) = 0. In fact, this
indicates that these images have a relative shift on the same plane
normal to the vector m3(1) = m3(2) and two cameras are placed side
by side and their optical axes are in parallel.

The preceding coplanar condition allows the combination of the
collinearity equation (29) for the two images, making construction
of the perspective invariants possible. The relationship between the
composite image space and the object space for a three-dimensional
curve is written as

xhcom[s(S)] = λ(S)PhcomXh (30)

where xhcom = (x1
(1), x2

(1), x1
(2), 1)T are the composite homogeneous

image coordinates, and Phcom is a composite matrix from the el-
ements of Ph(1) and Ph(2). The arc length S in the object space

Fig. 7 Geometric meaning of the distance Dij.

(X 1, X 2, X 3) is used as a parameter of the curve in Eq. (30). The
arc length s = s(S) in the composite image space (x1

(1), x2
(1), x1

(2)) is
a one-to-one function of S.

Brill et al.25 have constructed projective invariants by differen-
tiating Eq. (30) repeatedly with respect with S, arranging the re-
sults in matrix equations for several points on the curve, evaluat-
ing the determinants of the matrix equations, and then eliminat-
ing all of the factors related to the camera orientation parameters.
We consider the curvatures in the composite image space and the
object space κim = |ẍcom| = |ẍcom × ẍcom| and κobj = |Ẍ| = |Ẋ × Ẍ|
(Ref. 20), where ẋcom = dxcom/ds, ẍcom = d2xcom/ds2, Ẋ = dX/dS,
and Ẍ = d2X/dS2 are the derivatives with respect to the arc length.
The torsions in the composite image space and the object space are
τim =|ẋcomẍcomẍcom|/|ẍcom|2 = −|ẋhcomẍhcomẍhcom|/|ẍcom|2, and τobj =
|ẊẌẌ|/|Ẍ|2 = −|ẊhẌhẌh |/|Ẍ|2. These geometric quantities are ex-
pressed as the homogeneous coordinates xhcom = (x1

(1), x2
(1), x1

(2), 1)T

and Xh = (X 1, X 2, X 3, 1)T to utilize Eq. (30). Next, we define the
distance Di j from a point Xi to the osculating plane to the curve at
the point X j , i.e., Di j = (X j − Xi ) · B j = |(X j − Xi )Ẋ j Ẍ j |/κobj, j =
|Xh, j Ẋh, j Ẍh, j Xh,i |/κobj, j , where the subscripts i and j denote the
quantities associated with the points Xi and X j , respectively. The
geometrical meaning of Di j is illustrated in Fig. 7. Similarly, in the
composite image space the distance di j from a point xcom,i to the
osculating plane to the curve at the point xcom, j is di j = |(xhcom, j −
xhcom,i ) ẋhcom, j ẍhcom, j |/κim, j = |xhcom, j ẋhcom, j ẍhcom, j xhcom,i |/κim, j . In
addition, we introduce the following quantities i(1, 1′, 2, 3) =
|xhcom,1 ẋhcom,1 xhcom,2 xhcom,3|, i(1, 2, 2′, 3) = |xhcom,1 xhcom,2 ẋhcom,2

xhcom,3|, I (1, 1′, 2, 3) = |Xh,1 Ẋh,1 Xh,2 Xh,3|, and I (1, 2, 2′, 3) =
|Xh,1 Xh,2 Ẋh,2 Xh,3| whose geometric meaning is not obvious. Dif-
ferentiating Eq. (30) with respect to S and rearrangement yields
several perspective invariants:

1) An invariant related to the torsions and the distances Di j and
di j is

τim,1d2
12

τim,2d2
21

= τobj,1 D2
12

τobj,2 D2
21

(31)

For τobj,1 = 0, τobj,2 �= 0, D12 �= 0, and D21 �= 0, then τim,1 = 0. There-
fore, the zero-torsion point of the curve in the object space corre-
sponds to the zero-torsion point in the composite image space.

2) An invariant related to the curvatures, the distances Di j and
di j , and the quantities i(1, 1′, 2, 3), i(1, 2, 2′, 3), I (1, 1′, 2, 3), and
I (1, 2, 2′, 3) is

κim,2d12i2(1, 1′, 2, 3)

κim,1d21i2(1, 2, 2′, 3)
= κobj,2 D12 I 2(1, 1′, 2, 3)

κobj,1 D21 I 2(1, 2′, 2, 3)
(32)

For κobj,2 = 0, κobj,1 �= 0, D12 �= 0, and D21 �= 0, then κim,2 = 0. The
zero-curvature point of the curve in the object space corresponds to
the zero-curvature point in the composite image space.

3) An invariant related to the distances Di j and di j is

d21d43

d41d23
= D21 D43

D41 D23
(33)

This result is analogous to the cross ratio of the distances on a line,
the classical perspective invariant in perspective geometry.2,26



LIU 1917

VII. Motion Equations of Image Intensity
A. General Consideration

Motion equations of the image intensity can be derived from
underlying physical principles, which are solved to determine the
optical flow from a time sequence of images of both continu-
ous and discrete patterns. The image intensity I (x, t) is propor-
tional to the radiance L(X, p, q, t) characterized by the physical
parameters p = (p1, p2, . . . , pN )T and the geometric parameters
q = (q1, q2, . . . , qM )T that is,

I (x, t) = csys L(X, p, q, t) (34)

where csys is a coefficient related to the imaging system. Differenti-
ating Eq. (34) with respect to time, we obtain the motion equation
of the image intensity

∂ I

∂t
+u ·∇x I = csys

(
∂L

∂t
+U ·∇X L + dp

dt
·∇p L + dq

dt
·∇q L

)
(35)

where u = dx/dt is the optical flow in the image plane, U = dX/dt
is the motion field in the object space, and the gradient operators are
defined as ∇x = (∂/∂x1, ∂/∂x2)T , ∇X = (∂/∂ X 1, ∂/∂ X 2, ∂/∂ X 3)T ,
∇p = (∂/∂p1, . . . , ∂/∂pN )T , and ∇q = (∂/∂q1, . . . , ∂/∂qN )T . The
first term in the right-hand side of Eq. (35) is the local temporal
change of the radiance, and the second term is the change induced by
motion of an object in a nonhomogeneous radiance field. The third
and fourth terms are associated with the changes of the physical and
geometric parameters, respectively. Equation (35) is a generic form
of the motion equation of the image intensity. A specific structure
of Eq. (35) depends on a physical process being studied.

To determine the optical flow, Horn and Schunck27 suggested
the brightness constraint equation ∂ I/∂t + u · ∇x I = 0 in computer
vision. In fact, the brightness constraint equation assumes that the
image intensity remains invariant along a stream of images. In gen-
eral, this assumption, which is not related to any physical process,
does not hold exactly.28 Even for a moving Lambertian surface,
the right-hand side in Eq. (35) does not vanish. In the following
subsections, we derive the motion equations of the image intensity
for typical transport processes of passive scalar and density-varying
flows. In principle, the optical flow can be determined by solving the
motion equation of the image intensity as a constrained variational
problem.

B. Emitting Passive Scalar Transport
We consider a transport process of passive scalar emitting radia-

tion of a certain wavelength such as fluorescent dye in fluids. The
radiance from the emitting scalar is assumed to be proportional to the
density or concentration ψ(X, t) of the scalar L(X, t) = cψψ(X, t)
where cψ is a constant coefficient. The density of the scalar ψ(X, t)
obeys the transport equation

dψ

dt
= ∂ψ

∂t
+ U · ∇ψ = Dψ∇2

Xψ (36)

where Dψ is the diffusion coefficient of the scalar. Differentiating
Eq. (34) and using Eq. (36), we have the rate of change of the image
intensity

dI (x, t)

dt
= Dψ∇2

X I (x, t) (37)

The Laplace operator ∇2
X can be expressed in the image co-

ordinates x as ∇2
X = hγ ∂/∂xγ + hγα∂

2/∂xα∂xγ , where hλ and
hλα are defined as hγ = ∂2xγ /∂ Xβ∂ Xβ and hγα = ∂xγ /∂ Xβ∂xα/
∂ Xβ(α = 1, 2; γ = 1, 2; β = 1, 2, 3). For a calibrated camera, hγ

and hγα are calculated by using the collinearity equations from the
image coordinates when a constrained surface X 3 = F(X 1, X 2) like
a planar laser sheet is imposed (see Sec. IV). Thus, the motion equa-
tion of the image intensity for a passive scalar transport process is

∂ I

∂t
+ uα

∂ I

∂xα
= Dψ

(
hγ

∂ I

∂xγ
+ hγα

∂2 I

∂xα∂xγ

)
(38)

Fig. 8 Transmittance of a light ray through passive scalar.

In a special case of the orthographic projection xα = Xα , we know
hγ = 0 and hγα = δγα . Thus, Eq. (38) is reduced to the standard
diffusion equation

∂ I

∂t
+ uα

∂ I

∂xα
= Dψ

(
∂2 I

∂xα∂xα

)
(39)

When the optical flow uα is obtained by solving Eq. (38), the motion
field on the constrained surface in the object space can be determined
from Eq. (21). If the constrained surface is a plane like a planar laser
sheet, the perspective projection between the image plane and the
constrained plane is simple. Particularly, when the image plane is
parallel to the constrained plane, the optical flow is proportional to
the two-dimensional motion field on the constrained plane.

C. Transmittant Passive Scalar Transport
The motion equation of the image intensity is derived for transmit-

tant passive scalar transport in fluid flow. When a light ray transmits
through a bulk of passive scalar, as shown in Fig. 8, the intensity of
light at certain wavelength is attenuated as a result of absorption and
scattering by the scalar. It is assumed that absorption and scattering
by fluid are negligible and the scalar does not change the density of
fluid. The radiance reaching a camera through the scalar is

L = L0 exp

(
−

∫ s

0

βext ds

)
(40)

where s is the path vector and βext is the extinction coefficient.
Consider a bulk of the participating passive scalar confined by
two boundary surfaces �1 and �2, as shown in Fig. 8. We as-
sume that the camera is far enough away from the bulk of scalar
such that the light path is almost parallel to the optical axis, that
is, s ≈ −m3. In this case, it is convenient to use the object space
coordinates X̄ i = miα (Xα − Xα

c )(i = 1, 2, 3) in the local orthogo-
nal frame (m1, m2, m3), where mβαmγα = δγβ . Under the preceding
conditions, the transmittant radiance in Eq. (40) can be written as

L(X̄, t) = L0 exp

[
−

∫ �2

�1

βext(X̄, t) dX̄ 3

]
(41)

where the boundary surfaces are X̄ 3 = �1(X̄ 1, X̄ 2, t) and
X̄ 3 = �2(X̄ 1, X̄ 2, t). Here we generally consider the time-dependent
boundaries even through the boundaries are usually fixed in applica-
tions. The extinction coefficient is proportional to the concentration
ψ(X̄, t) of the scalar, that is, βext(X̄, t) = εψψ(X̄, t), where εψ is an
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absorption coefficient. The relationship between the image inten-
sity and the radiance is I (x, t) = csys L(X̄, t), where x = (x1, x2)T is
the image coordinates. Combination of these relations with Eq. (41)
leads to

I (x, t) = csys L0 exp

[
−εψ

∫ �2

�1

ψ(X̄, t) dX̄ 3

]
(42)

Differentiating Eq. (42) with respect to time, we have

dI (x, t)

dt
= −εψ I (x, t)

(∫ �2

�1

dψ

dt
dX̄ 3 + ψ

∣∣∣∣
�2

d�2

dt
− ψ

∣∣∣∣
�1

d�1

dt

)

(43)

Because ψ(X, t) obeys the transport equation (36), the first term in
the right-hand side of Eq. (43) is
∫ �2

�1

dψ

dt
dX̄ 3 = Dψ

∫ �2

�1

∂2ψ

∂ Xα∂ Xα
dX̄ 3 = Dψ

∫ �2

�1

∂2ψ

∂ X̄α∂ X̄α
dX̄ 3

(α = 1, 2, 3) (44)

Integration by parts yields
∫ �2

�1

∂2ψ

∂ X̄α∂ X̄α
dX̄ 3 = ∂2

∂ X̄β∂ X̄β

∫ �2

�1

ψ dX̄ 3 + B.T.

(β = 1, 2; α = 1, 2, 3) (45)

where B.T. denotes the boundary terms containing the values of
ψ(X, t) and its derivatives on the boundary surfaces. We consider
that a bulk of the passive scalar is confined in a domain outside,
which ψ(X̄, t) and its derivatives rapidly decrease zero. This rep-
resents a typical case in applications. For example, the boundaries
are windows of the test section of a wind tunnel or water tunnel.
Therefore, when the boundary surfaces �1 and �2 are so large that
the boundary terms vanish, Eq. (43) becomes

dI (x, t)

dt
= −εψ Dψ I (x, t)

∂2

∂ X̄β∂ X̄β

∫ �2

�1

ψ dX̄ 3 (β = 1, 2)

(46)

Using the perspective projection transformation xβ − xβ
p =

−cX̄β/X̄ 3 (β = 1, 2), we express the Laplace operator as
∂2/∂ X̄β∂ X̄β = λ2∂2/∂xβ∂xβ (β = 1, 2), where λ = −c/X̄ 3 is the
scaling factor. Replacing ψ(X̄, t) by I (x, t) in Eq. (46), we obtain
the motion equation of the image intensity for transmittance images
of the transported passive scalar

∂ I

∂t
+ uβ

∂ I

∂xβ
= Dψλ2

(
∂2 I

∂xβ∂xβ
− I −1 ∂ I

∂xβ

∂ I

∂xβ

)
(β = 1, 2)

(47)
For a given boundary surface X̄ 3 = �1(X̄ 1, X̄ 2), facing the camera
there is a one-to-one mapping between the surface and the image
plane, and therefore the scaling factor λ = −c/X̄ 3 can be expressed
in the image coordinates x = (x1, x2)T . In many applications, the
boundary is a plane window of the test section such that the scaling
factor is approximately a ratio between the principal distance of the
camera and the distance of the camera to the window.

After the optical flow uα is determined by solving Eq. (47), we
want to recover the motion field in the object space. For the incom-
pressible flow bounded by the fixed boundary surfaces �1 and �2,
Eq. (43) is written as

dI

dt
= −εψ I

(∫ �2

�1

∂ψ

∂t
dX̄ 3+

∫ �2

�1

∇ · (ψU) dX̄ 3

)
(48)

The second term in the right-hand side of Eq. (48) can be decom-
posed into

∫ �2

�1

∇ · (ψU) dX̄ 3 = ∇12 ·
∫ �2

�1

ψU12 dX̄ 3 − N · (ψU)|�2
�1

(49)

where the gradient operator ∇12 is defined as ∇12 = (∂/∂ X̄ 1,
∂/∂ X̄ 2)T , the two-dimensional velocity U12 is U12 = (U1, U2)

T ,
and N = (−∂ X̄3/∂ X̄1, −∂ X̄3/∂ X̄2, 1)T is the normal vector of the
boundary surfaces �1 and �2. Then, we introduce the average ve-
locity in terms of the scalar ψ(X̄, t):

〈U12〉ψ =
∫ �2

�1
ψU12 dX̄ 3

∫ �2

�1
ψ dX̄ 3

(50)

Assuming zero flux N · (ψU) = 0 at the boundary surfaces and com-
bining Eq. (48) with Eqs. (49), (50), and (42), we obtain

uα

∂ I

∂xα
= 〈U12〉ψ · ∇12 I + I�n

(
I

csys L0

)
∇12 · 〈U12〉ψ (51)

When the flow is nearly two dimensional between two plane bound-
aries (windows) such that ∇12 · 〈U12〉ψ ≈ 0, Eq. (51) is simplified to

uα

∂ I

∂xα
= 〈U12〉ψ · ∇12 I (52)

Thus, the average velocity 〈U12〉ψ can be recovered from the optical
flow u = (u1, u2)

T . In particular, when the image plane is parallel
to the plane boundary �1 the optical flow u is simply proportional
to the average velocity 〈U12〉ψ .

D. Schlieren Image of Density-Varying Flow
The schlieren technique has been widely used for flow visual-

ization of density-varying flows such as compressible flows and
natural convection flows. The image intensity I in a schlieren im-
age depends on the gradient of the fluid density ρ by the following
relation29:

I − IK

IK
= Cschl

∫ �2

�1

∂ρ

∂ X 2
dX 3 (53)

where Ik is the reference image intensity with the knife edge inserted
in the focal plane when no variation of the density exists in the test
section and cschl is a coefficient related to setting of the schlieren
system. Figure 9 shows the coordinate system and the boundary
surfaces X 3 = �1(X 1, X 2) and X 3 = �2(X 1, X 2), which a light ray
passes through. The knife edge is set to be normal to the gradient
of the fluid density ∂ρ/∂ X 2. The image intensity I is a function of
the image coordinates x = (x1, x2)T , which is related to the object
space coordinates X = (X 1, X 2, X 3)T by the perspective projection
transformation. On the constrained surface X 3 = �2(X 1, X 2), there
is a one-to-one mapping between x and X.

Taking partial differentiation with respect to time in Eq. (53) and
using the continuity equation ∂ρ/∂t + ∇ · (ρU) = 0, we have

−∂ I

∂t
= IK Cschl

∫ �2

�1

∂

∂ X 2
[∇ · (ρU)] dX 3 (54)

Fig. 9 Transmittance of a light
ray through density-varying
medium.
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Integration by parts leads to
∫ �2

�1

∂

∂ X 2
[∇ · (ρU)] dX 3 = ∂

∂ X 2

∫ �2

�1

∇ · (ρU) dX 3

− ∇ · (ρU)
∂ X 3

∂ X 2

∣∣∣∣
X3 = �2

X3 = �1

(55)

The integral in the first term in the right-hand side of Eq. (55) can
be decomposed into

∫ �2

�1

∇ · (ρU) dX 3 =∇12 ·
∫ �2

�1

ρU12 dX 3 − N · (ρU)|�2
�1

(56)

where ∇12 = (∂/∂ X 1, ∂/∂ X 2)T , U12 = (U1, U2)
T , and N = (−∂ X3/

∂ X1, −∂ X3/∂ X2, 1)T .
Define the average velocity in terms of the density ρ:

〈U12〉ρ =
∫ �2

�1
ρU12 dX̄ 3

∫ �2

�1
ρ dX̄ 3

(57)

Also, from Eq. (53), we know

∫ �2

�1

ρ dX 3 = I

IK Cschl

∫ X2

X2
0

(I − Ik) dX 2 +
∫ X2

X2
0

ρ
∂ X 3

∂ X 2

∣∣∣∣
X3 = �2

X3 = �1

dX 2

(58)

where X 2
0 is a fixed point in X 2. For two nonpenetrating plane sur-

faces X 3 = �1 = const and X 3 = �2 = const, where N · (ρU) = 0,
using Eqs. (54–58), we obtain a conservation form of equation

∂

∂t

∫ X2

X2
0

(I − Ik) dX 2 + ∇12 ·
[
〈U12〉ρ

∫ X2

X2
0

(I − Ik) dX 2

]
= 0 (59)

The image coordinates x in the image intensity I can be uniquely
converted to the object space coordinates X on the constrained plane
X 3 = �2 = const through the perspective projection transformation.
Therefore, from a time sequence of schlieren images the average
velocity 〈U12〉ρ can be determined by solving Eq. (59). Note that
Eq. (59) is also valid for two-phase flows when ρ is interpreted as
the mean density in terms of the volume fraction.

E. Shadowgraph Image of Density-Varying Flow
In contrast to a schlieren image, the image intensity I in a shad-

owgraph image depends on the second derivative of the fluid density
ρ, that is (Ref. 29),

I − IT

IT
= Cshad

∫ �2

�1

∇2
12 ρ dX 3 (60)

where IT is the initial image intensity, Cshad is a coefficient related to
setting of the shadowgraph system, and ∇2

12 is the Laplace operator
in the (X 1, X 2) plane. For simplicity, we consider the nonpenetrat-
ing plane surfaces X 3 = �1 = const and X 3 = �2 = const, where
N · (ρU) = 0. Taking partial differentiation with respect to time in
Eq. (60), and using the continuity equation ∂ρ/∂t + ∇ · (ρU) = 0
and the relation Eq. (56), we have

− I

IT Cshad

∂ I

∂t
= ∇2

12 ·
[
∇12 ·

∫ �2

�1

ρU12 dX 3

]
(61)

From Eq. (60), we obtain the integral of the density

∫ �2

�1

ρ dX 3 = I

IT Cshad
∇−2

12 (I − IT ) (62)

where ∇−2
12 (I − IT ) is the symbolic expression of a solution of the

Poisson equation ∇2
12φ = I − IT . Use of Eqs. (57) and (62) yields a

conservation form of equation

∂

∂t
∇−2

12 (I − IT ) + ∇12 · [〈U12〉ρ∇−2
12 (I − IT )

] = 0 (63)

F. Transmittance Image of Density-Varying Flow
For certain imaging system like a collimated monochromatic x-

ray system, the image intensity I in a transmittance image depends
on the fluid density ρ (Ref. 30):

I − IT

IT
= Ctrans

∫ �2

�1

ρ dX 3 (64)

where IT is the initial image intensity and Ctrans is a coefficient
related to setting of the imaging system. For the plane surfaces with
zero mass flux, using the similar techniques described before, we
obtain

∂

∂t
(I − IT ) + ∇12 · [〈U12〉ρ(I − IT )] = 0 (65)

VIII. Conclusions
The general principles and methodologies have been developed

for quantitative image-based measurements of the geometric and
kinematic properties of deformable bodies like fluids. Several for-
mulations of the perspective projection transformation from the ob-
ject space to the image plane are described, which are selectively
used depending on its convenience for a specific problem. The per-
spective developable conical surface containing a three-dimensional
curve is constructed, which provides a general means to determine
a three-dimensional curve and the displacement vector in the ob-
ject space from images. The perspective projection transformation
under the surface constraint allows one-to-one mapping between
the surface and the image plane. Hence, the geometric properties
and motion field on the constrained surface and the image plane
are uniquely related. The correspondence problem between multi-
ple images is discussed for recovery of three-dimensional geometry
and motion. The concept of the composite image space is introduced,
and its geometric connection with the object space is established. In
a special composite image space, several perspective invariants of a
three-dimensional curve are constructed, allowing direct extraction
of certain geometric properties of the curve from images. The mo-
tion equations of the image intensity are derived for emitting passive
scalar transport, transmittant passive scalar transport, and schlieren,
shadowgraph, and transmittance images of density-varying flows.
These equations provide a rational foundation for recovering the
optical flow and the corresponding motion field of fluid flows from
a time sequence of images of continuous and discrete patterns.
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